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Abstract Inertial instruments used to measure horizontal motion are sensitive to
tilt. Tilt coupling induced by gravity exerting a force along the sensing axis of the
instrument as a function of its inclination must be accounted for in numerous seis-
mological studies and seismic isolation applications. There are, in theory, many ways
to separate tilt and horizontal motion components by combining the measurements of
several sensors, and produce tilt-free estimations of the horizontal motion. This article
reviews these configurations and analyses limitations related to sensor noise and geo-
metrical couplings. It concludes with a discussion on the use of suspension mecha-
nisms as an alternative to signal subtraction methods.
Introduction
Inertial sensors such as geophones, seismometers, and
accelerometers used to measure translational acceleration
are also sensitive to tilt due to the effect of gravity on the
proof-mass of the instrument. Collette et al. (2012) reviews
inertial sensors and points out the tilt-horizontal coupling ef-
fects affecting these instruments at low frequencies. Tilt-
horizontal coupling induced by gravity on horizontal inertial
sensors has been studied and discussed for more than a cen-
tury. Wielandt and Forbriger (1999) provide a summary,
including discussions that animated the seismological com-
munity during the late nineteenth century regarding the con-
tribution of tilt effects in horizontal seismograms. Tilt effects
in far field of earthquakes have been well understood and
modeled for several decades. Rodgers (1968, 1969) dis-
cussed the effect of tilt motion on the horizontal pendulum
seismometer. He analyzed the instrument’s response for dif-
ferent types of wave motions, including Rayleigh waves,
Love waves, and free oscillations of the Earth. He expressed
correction factors to account for the tilt contribution in Ray-
leigh waves as a function of the wave’s ellipticity, phase
velocity, and period. This topic remains of interest as ex-
plained in recent publications. Peters (2009) assumes the ver-
tical component is about 50% greater than the horizontal
component of Rayleigh waves to estimate the frequencies
at which tilt signal dominates over translational signal.
The tilt-coupling effect remains a significant issue in
many applications even though it is well understood. An-
thropogenic activity and winds are well-known causes of tilt
effects masking low-frequency seismic data of interest. For-
briger (2006) points out the tilt effects observed in the urban
environment, Lambotte et al. (2006) discusses tilt effects
in long-period observations, and Wielandt and Forbriger
(1999) analyze tilt effects in volcano seismology. The latter
assume that the vertical and tilt components have the same
waveform to decompose the motions through least-square
minimization. Two vertical instruments are used over a long
baseline to estimate the regional tilt. The authors show that
the tilt contribution is significant, and they emphasize diffi-
culties related to local tilt. Ground tilt significantly contrib-
utes to seismograms in the near zone of earthquakes and
explosions. Graizer (2006) reviews these effects and devel-
ops a method based on comparison of horizontal and vertical
components of seismograms to estimate the tilt contribution.
More information on this topic can be found in Kalkan and
Graizer (2007). Graizer (2005) shows that ignoring tilt
effects may lead to unreliable calculation of long-period dis-
placements. This is also demonstrated in the analysis and ex-
perimental work of Boroschek and Legrand (2006) on
quasistatic components. Pillet and Virieux (2007) discuss
these effects both for near-field and far-field measurements.
Pillet et al. (2009) explains that ocean-bottom seismometers
are significantly affected by these tilt effects. Tilt noise in
seafloor seismic observations is also discussed by Crawford
and Webb (2000). He emphasizes the role of seafloor com-
pliance and the importance of the leveling for the vertical
components. At low frequencies, he shows how the horizon-
tal components and pressure measurements can be used to
remove tilt from the vertical components. Zürn et al. (2007)
also correlates changes of barometric pressure with tilt signal
in horizontal seismograms.
Beyond seismological studies, tilt-horizontal coupling
has become a limiting factor in the performance of seismic
isolation and in vibration isolation applications. Inertial sen-
sors are commonly used to actively isolate platforms and sys-
tems from ground motion. They have been used for several
decades in research experiments. Notable examples include
high-accuracy measurements of the Earth’s gravitational
field (see for instance Nelson, 1991), atom interferometry
(Hensley et al., 1999), and atomic force microscopy (see
*Also at LIGO Laboratory, California Institute of Technology, MS 100-
36, Pasadena, California 91125.
497
Bulletin of the Seismological Society of America, Vol. 105, No. 2A, pp. 497–510, April 2015, doi: 10.1785/0120140200
for instance Kim et al., 2009). Active inertial isolation has
been studied for subsystems of large scale experiments
(Artoos et al., 2009; Collette et al., 2011). Active seismic
isolators have been developed and used for gravitational
waves detectors for over three decades. Early concepts were
presented by Robertson et al. (1982), discussed by Saulson
(1984), and prototypes were developed at Joint Institute
for Lab Astrophysics (Newell et al., 1997; Richman et al.,
1998). Active inertial control has been implemented at the
Virgo gravitational waves detector (Losurdo et al., 2001)
and for the initial Laser Interferometer Gravitational-Wave
Observatory (LIGO; Hardham et al., 2004; Hua et al., 2004;
Wen, 2009). The seismic isolation concept for Advanced
LIGO detectors was presented in Abbott et al. (2002). The
status of design and performance was summarized in Mat-
ichard et al. (2010, 2012, 2013). Both industrial and research
applications aim for more isolation performance at lower
frequencies. For most experiments, it is very difficult to pro-
vide active inertial isolation below 100 mHz. Tilt coupling is
one of the main limiting factors, as explained by Lantz
et al. (2009).
The goal of this article is to review the techniques com-
monly used to separate translation signal from tilt signal and
to discuss limitations related to sensor noise. The next sec-
tion gives a description of the physics of tilt-coupling effects
induced by gravity on inertial horizontal sensors. The follow-
ing section emphasizes the difference between tilt-horizontal
coupling induced by gravity and tilt coupling induced by
geometric couplings. The next one discusses techniques to
reduce tilt-horizontal couplings in translation stages and
points out that they are not effective for ground tilt effects.
The following section reviews the limitations of tilt-subtrac-
tion methods and relates the tilt-coupling problem to sensor
noise. The penultimate section reviews combinations of
multiple instruments to separate tilt and translation motion.
The final section discusses the use of suspensions to filter
ground-motion transmission and to perform measurements
independently of the support frame.
Tilt-Horizontal Coupling Induced by Gravity
Ratio of Sensitivities
There are several papers that describe the tilt-horizontal
coupling effects induced by gravity (see Lantz et al., 2009).
In this article, a passive geophone model is used to introduce
the problem, as shown in Figure 1. We assume that the peri-
ods of observation are sufficiently short to consider that the
magnitude and direction of gravity are constant. The instru-
ment is sensitive to two types of input motion: translation
acceleration (x) and angular tilt (θ). It is made of a case con-
nected to the ground (or a platform), the horizontal inertial
motion of which is being measured. A mass mounted on a
spring-damper moves with respect to the case in the sensing
direction. The relative motion of the case with respect to the
mass is called δ (we will use case motion minus mass motion
as the sign convention). An electromechanical conversion
translates this relative motion into a voltage. The converter
usually also provides the internal damping. Geophones out-
put signals are usually proportional to velocity above the
natural frequency of the instrument. To study the tilt-horizon-
tal coupling effect, it is convenient and sufficient to analyze
the instrument’s internal motion (δ) in displacement units.
In the following equations and in the article in general,
we assume that the motions and angles are small. Small angle
approximations are made (sine and tangent are approximated
by the angle). The double dot above the variable represents
the second time derivative. The study is performed in the
Laplace domain. We often use the words ground motion
in the text and we use displacement units in the equations,
assuming that it is implicit that only second derivatives (ac-
celeration) of the ground’s translational motion can produce
inertial signal.
The complex amplitudes of the input translation and ro-
tation are called ~x and ~θ, respectively in equations (1) and (2).
The complex amplitude of the instrument output is ~δ in equa-
tion (3). For simplicity, we use the same symbol (Ω) for the
frequency of the input translation and the input rotation, but
we assume that they are not necessarily correlated. They can
be partially or well correlated in some cases (see Rodgers,
1968, for far-field, Wielandt and Forbriger, 1999, for
near-field, and the Tilt Horizontal Coupling in Translation
Stages and Vibration Isolation Systems section for seismic
isolation), but they are not in most of the problems for which
it is difficult to separate translation from tilt signal.
xt  ~xeiΩt; 1
θt  ~θeiΩt; 2
δt  ~δeiΩt: 3
For simplicity, we will use the notations x, θ, and δ in-
stead of ~x, ~θ, and ~δ in the following developments to denote
the complex values. The same convention will be used in all
the analysis performed in the article. The instrument’s re-
sponse is written in the Laplace domain, in which the Lap-
lace variable is called s (s  iΩ). The response to translation,
Figure 1. Horizontal inertial sensor subjected to (a) acceleration
and (b) tilt.
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also called translation sensitivity, is δx. It is given by the
transfer function in equation (4). The response to rotation,
also called tilt sensitivity, is δθ. It is given by the transfer
function in equation (5). The denominator is the same for
the two transfer functions. It represents the geophones dy-
namics in which ωs is the natural frequency and μ is the
instrument’s damping ratio. The numerators show the sensi-
tivity to input motion. The translation sensitivity is propor-
tional to s2 (second derivative, acceleration), whereas the
rotation sensitivity is directly proportional to gravity.
δx 
δ
x
 s
2
s2  2μωss ω2s
; 4
δθ 
δ
θ
 g
s2  2μωss ω2s
: 5
The ratio of sensitivities is given in equation (6). The
curves in Figure 2 show the frequency response of a typical
geophone (1 Hz natural frequency, damping ratio of 0.5).
The dashed line shows the translation sensitivity (δx), the
solid line shows the tilt sensitivity (δθ), the dashed-dotted
line shows the ratio of sensitivities. The lower the frequency,
the more the tilt signal tends to dominate over the translation
signal. Therefore, at very low frequencies, horizontal inertial
instruments tend to act as tilt sensors. At high frequencies,
they tend to act as a translation (acceleration) sensors. The
frequency-dependent dual sensitivity of these instruments
makes it difficult to analyze seismic motion and perform
seismic isolation in the frequency band in which translation
and tilt both contribute.
δθ
δx
 −g=Ω2: 6
Introductory Example
Tilt-horizontal confusion typically arises below 100 mHz,
though it depends on the characteristics of the input motions.
An example is given in Figure 3, for a measurement per-
formed at the LIGO Livingston site. It uses broadband seis-
mometers (Trillium T240) attached to a rigid structure
operating in a vacuum. More information regarding this
LIGO platform is given in the Multiple Instruments Configu-
rations to Subtract Tilt section. The solid line shows the am-
plitude spectral density measured with the horizontal axis. It
is calibrated in displacements units. The low-frequency part
of the spectra is likely dominated by tilt coupling (motions
amplitudes of 10−1 m=

Hz
p
are not due to horizontal trans-
lation motion). An estimation of the tilt can be performed by
combining the measurements of vertical seismometers. The
tilt estimation can then be translated in equivalent horizontal
signal induced by tilt coupling. The dashed curve shows the
tilt motion estimated using the vertical axis of the broadband
seismometers. It is calibrated in radian units. A model of the
tilt sensing noise is shown by the dashed-dotted line. In this
example, the tilt estimate is limited by sensor noise below
100 mHz. Sensor noise limitations related to such tilt esti-
mates techniques are further discussed in the Multiple Instru-
ments Configurations to Subtract Tilt section. The dotted
curve translates this tilt estimation obtained with the vertical
instruments into equivalent horizontal signal induced by tilt
coupling (tilt estimation × g=Ω2). Below 50 mHz, the tilt es-
timation significantly overestimates the actual tilt contribu-
tion to the horizontal signal. This introductory example
illustrates how sensor noise limits the possibilities to separate
tilt from horizontal contributions in horizontal signals.
Figure 2. Horizontal seismometer sensitivity to translation (δx),
tilt (δθ), and ratio of sensitivities (δx=δθ). The color version of this
figure is available only in the electronic edition.
Figure 3. Example of tilt contribution estimates using broad-
band seismometers. The color version of this figure is available only
in the electronic edition.
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Instruments Topology
Although the model of a geophone has been used to de-
scribe the tilt-gravity coupling, similar effects occur in hori-
zontal inertial instruments using different topologies such as
pendulum seismometers, force feedback seismometers, and
accelerometers. To illustrate this, a pendulum seismometer is
used as another example as shown in Figure 4. The pendu-
lum rotation α is induced by the input motion x as illustrated
in Figure 4a. This motion can be estimated by measuring the
rotation between the pendulum and the case (ϕ). Such meas-
urement is sensitive to the frame’s rotation, as shown in Fig-
ure 4b, because ϕ measures the differential rotation between
the frame and the pendulum. Similar effects occur if a trans-
lation motion measurement is performed between the mass
and the frame instead of measuring ϕ.
The equations of motion are written to compare the
translation and the tilt contributions. The reference point
is the center of the hinge. Equation (7) gives the motion
of the center of mass xg, as a function of the input translation
x, the pendulum angle with respect to the inertial frame α,
and the distance between the hinge and the center of mass
d. The external forces on the pendulum are shown in Fig-
ure 4c. The horizontal force Fx accelerates the center of mass
(mass m) as shown in equation (8). The vertical force FZ
equilibrates the force of gravity (acceleration g) as shown
in equation (9). The sum of the moments around the center
of mass is given in equation (10). Equations (7)–(10) are
combined to obtain the pendulum response to the translation
given in equation (11).
xg  x dα; 7
Fx  mxg; 8
FZ  mg; 9
− Fxd − FZdα  I α; 10
α
x
 −mds
2
I md2s2 mgd : 11
In this example, the instrument’s readout is the differen-
tial angle as shown in equation (12). The translation sensi-
tivity is given by equation (13) (pure translation, θ  0), and
the rotation sensitivity is given by equation (14). The ratio of
sensitivity is given in equation (15). At low frequencies, the
ratio of sensitivities tends toward g=s2, as for a geophone. At
high frequencies the ratio depends on the inertia and geomet-
rical parameters. This is further discussed in the Using Very
Low-Noise Rotation Sensors section. Detailed information
can be found in Forbriger (2009) regarding the influence
of the reference point’s location on the instrument’s sensitiv-
ity. Peters (2009) provides a detailed review and analysis of
such instruments.
ϕ  α − θ; 12
ϕx 
ϕ
x
 −mds
2
I md2s2 mgd ; 13
ϕθ 
ϕ
θ
 −1; 14
ϕθ
ϕx
 I md
2s2 mgd
mds2
: 15
The goal of this section was to summarize the tilt-
coupling effect in horizontal inertial instruments. It is impor-
tant to not confuse the tilt coupling induced by gravity with
Figure 4. Pendulum seismometer: (a) input translation, (b) case rotation, and (c) forces and geometric parameters.
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the tilt-coupling effect induced by geometrical couplings (an-
gular acceleration). The next section explains the difference
between those different types of couplings.
Disambiguation between Tilt-Horizontal Coupling
Induced by Gravity and Geometric Cross Coupling
(or Angular Acceleration Coupling)
There are several sources of tilt-horizontal couplings. In
this section, we classify them in two categories. The first one
is related to the effect of gravity on horizontal inertial sen-
sors. This effect was described in the previous section and is
the main topic covered in this article. The second category is
related to geometrical couplings that arise even in the ab-
sence of gravity. These two different effects are illustrated
in Figure 5. In this example, the purpose is to measure
the translation (x) of a reference location (ground or platform
surface) and to quantify the error induced by the tilt effect
(θ). The reference location is the point of interest the motion
of which must be measured. It can be the ground surface or a
particular point on a seismic isolation platform.
• In Figure 5a, the instrument is aligned with the reference
plane. The tilt motion will include some error signal
through gravity as described in the previous subsection.
• In Figure 5b, the instrument is located at a distance L
above the reference plane. The rotation at the reference
plane level translates into translation at the sensing point
(−Lθ). This geometric coupling is in addition to the cou-
pling through gravity.
Equation (16) gives the instrument internal motion δa as
a function of the input translation and tilt motions for the case
described in Figure 5a. Equation (17) gives the instrument
internal motion δb for the case described in Figure 5b. In the
latter, there is an additional term related to the separation L.
δa  xδx  θδθ; 16
δb  x − Lθδx  θδθ: 17
The horizontal motion can be estimated from the meas-
urement (δ) by dividing the measurement by the instrument
translation sensitivity. It is shown in equation (18), in which
x^ is the estimated translation motion. In this text, it is referred
to as the apparent motion. This estimation is applied to δa
and δb. It produces the apparent motion estimates shown
in equations (19) and (20), respectively.
x^  δ
δx
; 18
x^a  x −
g
Ω2
θ; 19
x^b  x −

L g
Ω2

θ: 20
Equation (20) includes an extra term (Lθ) related to the
distance between the reference point and the instrument. The
curves in Figure 6 show the tilt sensitivity using the value
L  0:1 m as an example. The solid line shows the geomet-
rical coupling term (L), the dashed line shows the gravity
coupling term (g=Ω2), and the dotted line shows the sum
of the two terms. At low frequency, the tilt-gravity term
(g=Ω2) dominates. At the frequency Ωc given in equa-
tion (21), tilt gravity and geometrical coupling have the same
amplitude. It is called the corner frequency in Figure 6. At
high frequency, the geometrical coupling is the dominating
term. If L is negative, there is a notch in the response at the
corner frequency.
Ωc 

g
jLj
r
: 21
In some applications, signal due to geometrical coupling
effects may be negligible at all frequencies as it is usually
Figure 5. (a) Tilt coupling induced by gravity. (b) Additional
geometric coupling related to the separation between the reference
point and sensing point.
Figure 6. Tilt gravity and geometrical coupling (using
L  0:1 m as an example). The color version of this figure is avail-
able only in the electronic edition.
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small in relation to the tilt-gravity couplings at low frequen-
cies, and it is often negligible in relation to the translational
signal at higher frequencies. The latter statement is true if the
input ground motion is sufficiently high in comparison to the
input rotation motion as described in
x≫ Lθ: 22
Similar effects exist in pendulum seismometers, as
covered by Forbriger (2009), in which the effect of angular
acceleration on pendulum seismometers is analyzed, and the
relation between reference location and sensitivity to angular
acceleration is discussed. Detailed developments on pendu-
lum-types sensors are presented in Peters (2009).
Because geometric coupling effects are often negligible
at low frequencies when compared with tilt-horizontal cou-
plings induced by gravity, the next sections focus on the tilt-
horizontal couplings induced by gravity.
Tilt-Horizontal Coupling in Translation Stages and
Vibration Isolation Systems
Inertial sensors are commonly used in seismic and vibra-
tion isolation systems to decouple payload (equipment)
motion from ground motion. It is important to distinguish
two categories of problems. They are the tilt induced by
the system’s kinematics and the tilt induced by the ground’s
motion.
Tilt induced by the system’s kinematics is a problem in-
trinsic to the system. When a stage moves horizontally, it
always tends to tilt a certain amount with respect to the refer-
ence frame. This cross coupling is related to the system’s
design. It depends on the mechanical architecture of the sys-
tem and the servocontrol parameters. There are several ways
to reduce this effect. First, the system’s architecture (joints,
flexures, actuators type, and location…) must be carefully
designed to diagonalize the translation and rotation effects.
This is symbolically illustrated in Figure 7 for a platform
mounted on springs. The horizontal force must be aligned
with the static center of stiffness of the platform to minimize
the low-frequency cross couplings. Machining tolerances
and assembly errors will affect the horizontal actuator loca-
tion (L) and therefore the tilt-coupling ratio. This problem is
discussed in Hardham (2005). Aligning the platform’s center
of mass with the horizontal actuators plane tends to reduce
dynamical cross couplings. When the vertical degrees-of-
freedom (DOF) are servocontrolled with high loop gain com-
pensators, the cross couplings may be dominated by the an-
gular misalignment of the vertical relative sensors with
respect to gravity. This problem and associated compensa-
tion techniques are discussed in Kissel (2010).
Although the ground’s translation and tilt motion are not
necessarily correlated, the tilt-horizontal coupling ratio is
usually a specific characteristic of a given mechanical sys-
tem. It can be frequency dependent, but the transfer function
between the stage’s horizontal motion and tilt motion is often
mostly linear, and it remains constant over time. It can there-
fore be identified and suppressed. The low-frequency decou-
pling can be done using a witness geophone and performing
a transfer function as illustrated in Figure 7. The horizontal
drive F is used to translate the moving stage. It creates the
platform’s translation xp and rotation θp. The geophone mea-
surements δ are used to identify the ratio of rotation over
translation. Once the cross-coupling value is known it can
be minimized in a feedforward manner by applying a torque
correction using the forces Fv1 and Fv2 as a function of a
measurement performed with a relative sensor (Δx). See Kis-
sel (2010) for more details.
When the rotational DOF are not controllable, other
techniques must be used. For example, a flexible hinge
can be used to transmit the platform motion to the instrument
but not the rotation, as illustrated symbolically in Figure 8.
The one DOF mechanism must allow horizontal motion with
as little tilt as possible. This can be made with a flexure ap-
pendage for example. More information on such techniques
can be found in Van Eijk et al. (2010), Laro et al. (2011), or
Rijnveld and Van Den Dool (2012). This technique also
works for the topology represented in Figure 7.
The active and passive correction techniques discussed
in this section show how to reduce the tilt induced by the
system’s kinematics, but they have no effect on the tilt in-
duced by ground. They suppress the relative tilt induced by
translation between the support stage and the moving stage
but not the tilt induced by the ground that rotates the sup-
port stage.
Isolation performance of vibration isolation platforms
can be limited at low frequency by the rotations induced by
ground tilt (Lantz et al., 2009). Sensor noise (in vertical in-
struments and rotations sensors) is the main factor limiting
the ability to resolve ground (or platforms) tilt motion. The
next two sections are dedicated to this topic.
Sensor Noise and Tilt Coupling
Sensor noise is a key parameter of the tilt-sensing and
tilt-subtraction problems. If sensor noise is ignored, the prob-
lem becomes trivial because any pair of vertical sensor or any
rotation sensor relatively insensitive to translation can appa-
rently be used to measure tilt and subtract it from the hori-
zontal instrument signal. This section discusses some basics
Figure 7. Translation stages with controllable rotational degree-
of-freedom (DOF).
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of sensor noise and calibration concepts. The following sec-
tion will use these concepts and notations to emphasize how
sensor noise in vertical instruments and rotation sensors limit
the ability to resolve tilt.
Instrument signals are contaminated by several sorts of
noise. They can be grouped into two categories. The first
group of noise sources is related to environmental disturb-
ances such as ambient pressure, temperature, and magnetic
fields. These effects are discussed in Wielandt and Streck-
eisen (1982) for the force feedback broadband seismometer
and more generally in Wielandt (2012). The analysis of the
self noise of such instruments remains a topic of great inter-
est (Sleeman and Melichar, 2012). Although Forbriger et al.
(2010) focuses on low-frequency sensitivity to magnetic
fields, the article also provides useful information regarding
sensitivity to other environmental disturbances such as tem-
perature and pressure variations. It emphasizes the need for
shielding and describes shielding techniques. When measur-
able, the disturbances can be subtracted from the signal.
In this article, we assume that the instrument is perfectly
shielded against environmental noise sources (though we
know this is not a trivial problem), and we focus only on
the tilt coupling that is often a dominant disturbance at
low frequencies.
The second group of noise problems is related to sto-
chastic noise sources such as self noise, electronics, and digi-
tization noise inherent to the sensor itself and the data
acquisition system. It includes the thermal noise in the
mechanical oscillator (Saulson, 1990), sensor readout noise
(see, Rodgers, 1993, for electromagnetic readouts or Zum-
berge et al., 2010, for optical readouts), actuation noise
of force balanced instruments (Wielandt and Streckeisen,
1982), and quantization noise (Sleeman et al., 2006). Al-
though the statistical distribution of these noise sources
can be estimated or measured, the signal they produce in
the time domain cannot be predicted. These noise sources
therefore put a limit on the instrument resolution. In the rest
of the article, we will call sensor noise the total of those sto-
chastic noise sources.
To relate the tilt-coupling problem to sensor noise, we
use the geophone model presented in the previous sections.
Recall that δ is the relative motion between the case and the
proof-mass of the instrument. This motion is converted to a
voltage using an electromechanical converter. It usually uses
a coil-magnet system, which produces a signal proportional
to velocity. As previously discussed, the developments are
done in displacement units, but the analysis and conclusions
are the same for a velocity or an acceleration readout. In
equation (23), u is the sensor signal in the Laplace domain.
The transfer function Hs is the readout sensitivity V=m. It
includes the electromechanical converter and the entire con-
ditioning chain (preamplifiers, amplifiers, whitening, and
antialiasing filters). The noise (in volts) is noted n. It includes
the instrument self noise and the electronics chain noise.
Equation (24) recalls the transfer function between the rel-
ative motion δ and the input motion x. The electromechanical
response in equation (23) and the mechanical response in
equation (24) are combined to produce the calibration filter
C in equation (25):
u  Hsδ n; 23
δx 
s2
s2  2μωss ω2s
; 24
C  Hδx−1: 25
The calibrated measurement is obtained as shown in
equation (26). The apparent motion (x^) can be expressed as
a function of the input translation, the input tilt, and the cali-
brated noise nc as shown in equation (27). The latter is the
noise calibrated in displacement units as shown in equa-
tion (28). In the following sections, we will use this cali-
brated noise (instead of the noise in volt units), because it
can conveniently be compared with the displacement motion
as they are in the same units.
x^  Cu; 26
x^  x g
s2
θ nc; 27
nc  Csn: 28
Figure 8. A solution for translation stages with noncontrollable rotational DOF. See Van Eijk et al. (2010), Laro et al. (2011), and
Rijnveld and Van Den Dool (2012) for details on such concepts.
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This section emphasized that sensor noise is a very im-
portant component of the tilt reconstruction and subtraction
problem. The next sections review instruments configura-
tions for tilt subtraction and relate them to sensor noise lim-
itations.
Multiple Instruments Configurations to Subtract Tilt
There are many ways to separate tilt from translation
contributions using various combinations of instruments
(Bradner and Michael, 1973; Graizer, 1991; Wielandt and
Forbriger, 1999; Forbriger, 2009; or Graizer, 2009). Combi-
nation of multiple measurements and subtraction techniques
require low-noise instruments to separate translation and tilt
motion with accuracy. To illustrate this, we use a combina-
tion of two vertical seismometers as an example to relate the
tilt-gravity coupling problem to sensor noise. We then pro-
vide an estimate of the tilt-sensing resolution that can be
achieved with a platform equipped with three broadband in-
struments. We follow up with a review of low-noise rotation
sensors.
Example Using Two Vertical Instruments
A pair of vertical geophones is shown in Figure 9 as a
basic example to illustrate how multiple sensors can be used
to resolve ground tilt to the limit of the sensor noise. The
reference point of the ground (or support structure) is sub-
jected to translation x and tilt θ. A horizontal and two vertical
instruments are located on the ground plane. In this concep-
tual example, we assume that the ground (support structure)
moves as a rigid body in the sensing area where the three
sensors are located. We neglect the small vertical distance
between the horizontal instrument center and the reference
point (geometric coupling). The translational acceleration
and tilt motion produce the response of the horizontal instru-
ment (δ). The two vertical instruments are separated by a dis-
tance λ. The ground tilt produces motions z1 and z2 at the
vertical sensors locations. It produces the instruments inter-
nal motions ς1 and ς2.
Equation (29) gives the apparent motion (x^) that is ob-
tained when calibrating the response (δ) with the instru-
ment’s sensitivity (δx). It is made of three terms related to
the input translation, the input rotation, and the calibrated
sensor noise nx. Equations (30) and (31) give the apparent
motion of the vertical instruments (z^1 and z^2) obtained when
calibrating the vertical instruments response by the geophone
response, assuming that the calibration errors are negligible.
Assuming the vertical instruments are well leveled, the ap-
parent vertical motion is, to first order, insensitive to tilt. It is
only a function of the vertical motions inputs and the cali-
brated sensor noise (nz1 and nz2).
x^  x g
s2
θ nx; 29
z^1  z1  nz1; 30
z^2  z2  nz2: 31
Assuming small and rigid body motions, tilt can be es-
timated as a function of the apparent vertical motion as
shown in equation (32). This relation is combined to equa-
tion (31) to produce the tilt signal estimate written in equa-
tion (33). This tilt estimate is used to subtract tilt from the
horizontal measurement as shown in equation (34).
θ^  z^1 − z^2
λ
; 32
θ^  z1  nz1 − z2 − nz2
λ
; 33
x^TiltFree  x^ − θ^
g
s2
: 34
Assuming the two vertical sensors have the same sensor
noise amplitude nz, and that the two instruments noises are
completely independent stochastic processes, the tilt-free
signal can be written as shown in equations (35) and (36).
The noise introduced by the subtraction is noted nθ. Equa-
tion (36) shows the frequency dependence of this noise term
indicating that it will likely dominate the tilt-free estimate
(x^TiltFree) at low frequencies.
x^TiltFree  x nx  nθ; 35
nθ ∼

2
p g
λs2
nz: 36
Many dedicated instruments and instrumented platforms
have the capability to measure both horizontal and tilt motion
(Nigbor, 1994; Matichard et al., 2013). We use the first active
stage of the LIGO platform shown in Figure 10a to illustrate
Figure 9. Combining two vertical seismometers to subtract tilt
signal from a horizontal seismometer.
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the sensor noise induced by the tilt subtraction (nθ). A de-
tailed description of this system is given in Matichard
et al. (2012). It is instrumented with three broadband seis-
mometers Trillium T240s and with six geophones Sercelle
L4Cs. The instruments are podded in sealed chambers to op-
erate in an ultrahigh vacuum environment. The instruments
signals are combined (sensor fusion) to produce broadband
low-noise signal (Hua et al., 2004; Kissel, 2010; Matichard
et al., 2010). The broadband seismometers dominate the sen-
sor fusion at low frequencies and are used here to estimate
the tilt motion. The top view in Figure 10b shows the relative
location of the three instruments. They are positioned 120°
apart on a 0.57 m radius (called r in the following equations).
The vertical instruments are used to subtract tilt from the
horizontal measurements as described in equations (33) and
(34). It produces an apparent motion (x^TiltFree), as given in
equation (35), that contains a noise term (nθ), as given in
equation (36). The distance between two instruments is given
in equation (37). It is combined with equation (36) to obtain
the tilt noise given in equation (38), in which the b subscript
indicates broadband vertical seismometers have been used
for the tilt subtraction.
λ  2r cos

π
6

; 37
nθb 

2
3
r
g
rs2
nz: 38
In the past years, the requirements proposed by Lantz
et al. (2009) have often been cited as a goal for the develop-
ment of low-noise tilt sensors, therefore we use them as a
reference in this section. A tilt sensor operating at these re-
quirements and used to subtract tilt from a horizontal meas-
urement would produce a noise (apparent horizontal motion)
as shown in equation (39), in which the ts subscript indicates
a tilt sensor operating at Lantz requirements has been used
for the tilt estimation. This equation can also be seen as
a translation of Lantz requirements to apparent horizontal
motion.
nθl 
g
s2
nts: 39
The plot in Figure 11 shows amplitude spectral densities
in displacement units [m=

Hz
p
]. The solid curve shows a
model of the self noise of a broadband seismometer (nz).
The dashed curve shows the sensor noise introduced by
the tilt subtraction using the vertical broadband seismometers
channels (nθb). The dashed-dotted curve shows the sensor
noise introduced by the tilt subtraction using a tilt sensor
operating at Lantz requirements (nθl). The dotted line shows
the New Low Noise Model (NLNM) in displacements units
(Peterson, 1993). The subtraction using the broadband seis-
mometers meets Lantz requirements down to 90 mHz. Below
that frequency, the noise term grows steeply because of the
double integration performed during the subtraction process.
A tilt sensor operating at Lantz requirements used for tilt sub-
traction would mask motion at the NLNM level at all fre-
quencies below 180 mHz.
This section highlighted the theoretical limitations
of subtraction techniques related to sensor noise. The next
subsection reviews recent progress in low-noise tilt instru-
mentation.
Figure 10. A Laser Interferometer Gravitational-Wave
Observatory (LIGO) stage instrumented with three podded three-
axis broadband seismometers and six short-period geophones.
(a) Oblique view of the structure and instruments. (b) Top view of
instruments location (structure not shown). The color version of this
figure is available only in the electronic edition.
Figure 11. Comparison of amplitude spectral densities of in-
struments noise models and ground-motion models. The color
version of this figure is available only in the electronic edition.
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Using Very Low Noise Rotation Sensors
Using rotation sensors is one of the many possible con-
figurations that can be used to estimate and to subtract tilt
from a horizontal measurement. A special issue on rotational
seismology was presented by Lee et al. (2009). Laser ring
gyroscopy is an emerging technology in low-noise rotation
seismometry (Lee et al., 2009; Schreiber et al., 2009;
Schreiber and Wells, 2013). It is increasingly used in seis-
mology (Igel et al., 2007). Several recent low-noise sensor
projects aiming at measuring tilt are based on the beam bal-
ance principle as illustrated in Figure 12. The output signal
(ϕ) of the beam balance is used to estimate the ground’s tilt
motion (θ) and subtract it from a horizontal measurement (δ).
The tilt estimate must be relatively insensitive to translational
acceleration, and it must be very low noise.
The rotation sensor measures the relative angular motion
(ϕ) between the beam and the ground. Such instruments can
use hinges, knife edges, or flexures to make the articulated
joint. We introduce a restoring torque in the joint as shown in
equation (40), in which k is the linear angular stiffness. More
detailed models can include viscous damping, friction, and
hysteresis effects, but it is not necessary for the purpose of
this discussion. The beam’s relative angular motion induced
by the ground translation is shown in equation (41), in which
d is the distance between the joint and the center of mass, m
is the mass, and I is the inertia at the center of mass. The
beam’s relative angular motion induced by the ground rota-
tion is shown in equation (42).
τ  −kϕ; 40
ϕ
x
 −mds
2
I md2s2 mgd k ; 41
ϕ
θ
 −I md
2s2 −mgd
I md2s2 mgd k : 42
Below the resonant frequency, the translation and rota-
tion sensitivity can be approximated as shown in equa-
tions (43) and (44). The ratio of sensitivities is still equal
to g=s2.
ϕ
x
∼
−mds2
mgd k ; 43
ϕ
θ
∼
−mgd
mgd k : 44
Above the resonant frequency, the translation and rotation
sensitivity can be approximated as shown in equations (45)
and (46), assuming d is small. The ratio of sensitivities is
not any more frequency dependent. It can be tuned as a func-
tion of the mass, inertia, and center of mass of location to
reduce the translational sensitivity.
ϕ
x
∼
−md
I
; 45
ϕ
θ
∼ −1: 46
The use of rotation sensors to resolve tilt in horizontal
inertial measurements has been discussed and investigated
since the nineteenth century. Wielandt and Forbriger (1999)
recounts how Schluter and Wiechert used a balanced pendu-
lum insensitive to translation (that they called a klinograph)
in 1899 to make a direct measurement of tilt. The instrument
provided useful insight regarding the contribution of tilt
couplings in teleseismometry. This is still a topic of interest
more than a century later. Peters (2009) details how to reduce
translation sensitivity of a beam balance by aligning the
center of mass with the pivot point. Two highly sensitive
instruments based on this concept are discussed in this
subsection.
It is important to emphasize that the ratio of sensitivities
implies that the rotational signal must be time integrated be-
fore subtraction from the translational signal. Assuming the
rotation and translation sensors are in the same time deriva-
tive units (e.g., [rad] and [m] or [rad=s] and [m=s]), a double-
time integration of the rotation signal must be performed be-
fore subtraction. This results in integration of the intrinsic
noise of the rotational signal. It puts constrains on the tilt
sensor noise requirements. Tilt sensing requirements, con-
cepts, and experimental tests for gravitational waves detec-
tors are presented in Winterflood et al. (2000). The need for
tilt sensors for the seismic isolation of gravitational waves
detectors recently has driven significant advances in the field
of low-noise rotation seismometry.
Venkateswara et al. (2014) presented a rotation sensor
based on a meter-scale beam balance. The alignment of the
center of mass with the balance pivot point reduces the ac-
celeration sensitivity to a very low level (3 × 10−5 rad=m).
A high-sensitivity autocollimator is used for the readout.
Measurements performed in a vacuum show that the instru-
Figure 12. Using a rotation sensor to estimate and subtract tilt.
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ment meets Lantz requirements above 30 mHz (sensitivity
better than 10−9 rad=

Hz
p
).
Dergachev et al. (2014) presented a rotation sensor
made of a balance. Unlike Venkateswara who uses flexures
in the joints, Dergachev uses a knife edge as the pivot. Linear
variable differential transformer sensors are used for the
readouts. Sensor noise measurements show that the sensitiv-
ity of the instrument meets Lantz requirements between 40
and 300 mHz (sensitivity better than 7 × 10−10 rad=

Hz
p
at
100 mHz). Technical information about this system is pro-
vided in O’Toole et al. (2014).
The recent progress in rotation seismometry is remark-
able. It illustrates the technical challenges to achieve very
low noise performance at low frequencies (for instance, be-
tween 10 and 100 mHz in the context of seismic isolation for
gravitational waves observatories). The use of these instru-
ments will most likely lead to advances in seismometry and
seismic isolation. Subtraction techniques require the use of
sophisticated auxiliary instruments to make a low-noise es-
timate of ground tilt to subtract it from a horizontal measure-
ment. In the next section, we discuss the use of suspension
mechanisms to produce measurements independently of the
support frame.
Suspension Mechanisms
Articulated systems using proof masses with large rota-
tional inertia (called suspensions in this section, and publi-
cations cited) can be tuned to act as filters of motion
transmission: above the rotational natural frequency of the
system, the transmission of rotation to the proof mass can
be mechanically filtered by inertial decoupling, whereas
translation may remain transmitted in a certain bandwidth
upon conditions discussed in the following paragraphs.
Although a similar decoupling principle is used in beam
balances to measure ground tilt with minimal contribution
of the translation input (thanks to a differential angular read-
out, see previous section), it can also be used to measure lin-
ear acceleration with reduced contribution of the tilt input as
discussed in this section. For that, the readout must be per-
formed independently of the frame of the instrument, which
is rotating with the ground. It should be emphasized that the
rotational acceleration of the support structure still couples
into linear acceleration through geometrical couplings. The
smaller the separation between the reference point and the
measurement point, the smaller this coupling (see the Disam-
biguation between Tilt-Horizontal Coupling Induced by
Gravity and Geometric Cross Coupling (or Angular Accel-
eration Coupling) section).
In this section, we review concepts of sensors that can
produce a measurement independent of the frame of the in-
strument. The basic principles can be illustrated as shown in
Figure 13a. A rigid body is suspended with a link of length l.
The rigid body has a mass m and inertia I at its center of
mass. The center of mass is located at a distance d below
the bottom suspension joint. The mass and inertia of the link
can be neglected for the purpose of this analysis. The joints
can be made with a hinge, flexure, or metal wires. In this
introductory example, the suspension joints are considered
perfect (no stiffness, no friction). In practice, the joints’ stiff-
ness and friction induce coupling between the rotation of the
frame and the rotation of the links. The input ground tilt is
called θ, the input translation is x, the angle of the link with
respect to gravity is α, the angle of the rigid body with
respect to gravity is β. As in the previous sections, the geo-
metrical coupling induced by the separation between the
reference point and the measurement point must be dis-
cussed. The reference point is the point the inertial motion
of which must be measured. The separation (L) couples tilt
into translation of the suspension point, which is inevitably
sensed by the inertial sensor. The translation and rotation of
the reference point combine into translation of the suspen-
sion point. The instrument will not be able to separate these
two contributions.
The motion of the center of mass is given as a function
of the imposed motion and the DOF in equation (47). The
forces on this body are shown in Figure 13b. The equations
of motion are given in the system in equations (48).
The system exhibits two natural frequencies. Equa-
tion (49) gives an approximation of the tilt frequency
(ωt), assuming the distance d is small. We will call it the tilt
natural frequency because it mostly involves a tilt motion of
the suspended mass (β), with very little rotation of the link
(α≪ β). The greater is the inertia of the mass, the lower is
the tilt natural frequency. The approximation in equation (50)
gives the second natural frequency assuming the distance d is
small. It is mostly related to the link’s length similar to a
Figure 13. Suspended body parameters and equilibrium.
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point mass pendulum. We will call it the pendulum natural
frequency (ωp).
xg  x − Lθ αl βd; 47
l d
0 I
 
α
β

 g 0−mgd mgd
 
α
β



−x
0



Lθ
0

; 48
ωt ∼

mgd
I
r
; 49
ωp ∼

g
l
r
: 50
The DOF α and β can be combined to produce a meas-
urement of the suspension’s point translational motion, as
given in equation (51), in which ϕ is a measure of the relative
angle between the two DOF. There are in theory many other
ways to combine these two DOF to provide the readout. In
this section, we only analyze the case described by equa-
tion (51) to illustrate the principle. For that, we define param-
eters as shown in Table 1.
ϕ  α − β: 51
The frequency response of the system to the input mo-
tion x is shown in Figure 14 for this set of parameters. The
solid line shows the amplitude of the transfer function of the
link’s angle (α=x). The dotted line shows the suspended
body’s angle (β=x). The dashed line shows the sensor’s trans-
fer function (ϕ=x). The response to the input motion θ (not
shown) is simply scaled by a factor L. The smaller is L, the
smaller the transfer function.
Below the tilt frequency, the angle of the link (α) and the
angle of the suspended mass (β) are in phase, and the instru-
ment response (ϕ) is small (function of the fourth power of
frequency); but above the tilt frequency, the suspended mass
is inertially decoupled, as shown by the gray curve. Its fre-
quency response is flat (md=I) until the pendulum frequency,
after which it is further decoupled from the input motion. The
suspended mass provides an inertial reference to measure the
link angle α. The ratio of the solid line (α) over the dotted line
(β) increases with the square of frequency as shown in equa-
tion (52). The sensor (dashed line, measurement ϕ) provides
an inertial measurement of the pendulum response as shown
in equation (53). Below the pendulum frequency, the instru-
ments sense the instrument acceleration (s2=g), as indicated
on the plot. This measurement of the translation of the sus-
pension point is performed independently of the frame,
which is directly tilting with the ground. Only the tilt con-
tribution through the geometrical coupling remains, as given
in equation (54).
For jωt < s:
α
β
∼
s2
ω2t
; 52
ϕ
x
∼
−s2=l
s2  ω2p
; 53
ϕ
θ
∼ L
s2=l
s2  ω2p
: 54
There are many options to engineer the suspensions
joints. Detailed analysis on flexure joints can be found in
Smith (2000) or Trease et al. (2005). The latter focuses
on large displacement but provides a detailed review of stan-
dard solutions. Using metal wire suspensions is another op-
tion. Robertson et al. (1982), for instance, proposed to
suspend a body near its center of mass to provide an inertial
reference for true horizontal motion sensing. More recently,
Giazotto (2012) proposed a concept using a suspended mass
and force feedback to measure independently horizontal mo-
tion and tilt motion. In this particular application, the suspen-
sion point can be positioned close to the reference point,
Table 1
Simulation Parameters
Symbol Name Value
l Pendulum length 0.1 m
d Distance between the bottom joint and the
center of mass
0.001 m
m Suspended mass 10 kg
I Inertia at the center of mass 1 kgm2
g Acceleration of gravity 9:81 m=s2
Figure 14. Frequency response to ground translation. The color
version of this figure is available only in the electronic edition.
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which minimizes the geometrical coupling between the input
tilt and the motion of the suspension point.
Conclusion
The article reviewed problems induced by tilt coupling
in seismological studies and active seismic isolation applica-
tions. It distinguished the different types of couplings that are
the tilt-gravity couplings and the tilt-geometric couplings. It
discussed problems and solutions related to tilt-gravity cou-
plings in the context of vibration isolation systems and trans-
lation stages. It reviewed techniques combining multiple
instruments to separate signal due to translation from signal
due to tilt. It emphasized the limits related to sensor noise. It
used the example of a platform instrumented with three
broadband seismometers to illustrate how the sensor noise
in vertical channels limits the ability to resolve the platform’s
horizontal translation motion. It reviewed recent progress in
low-noise rotation seismometry. Finally, it discussed the use
of suspension mechanisms to filter ground-motion transmis-
sion. It highlighted that the use of such sensors can be an
alternative to subtraction techniques if the system’s natural
frequency is properly chosen and if the separation between
the reference point and the suspension point is suffi-
ciently small.
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